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I. Introduction

A NGLES-ONLY navigation has great potential for orbital
rendezvous, satellite formation flight, and other relative motion

applications, but is often discarded because of its inherent and
misunderstood limitation in determining range. A common con-
sensus in the published literature, regardless of the application, is that
maneuvers are generally required to obtain target observability when
using only anglemeasurements [1–6]. For the bearings-only tracking
problem, Nardone and Aidala [7] and Hepner and Geering [8] also
showed that certain types of maneuvers, particularly those maneu-
vers that cause position changes that lie along the instantaneous
bearing lines associated with a constant velocity trajectory, do not
necessarily guarantee observability. If certain maneuvers produce
observability and others do not, then the next natural step that has
received considerable attention is to determinewhichmaneuvers and
trajectories are optimal in maximizing observability [9–16]. Despite
these significant advances in deriving optimal maneuvers for the
bearings-only tracking problem, these results are typically estab-
lished on the premise of a constant moving target, an assumption
valid for many naval applications that motivated the earlier research
efforts but not applicable to orbital rendezvous. Although the influ-
ence of maneuvering for angles-only navigation has been considered
for orbital rendezvous [17–19], there does not exist in the published
literature derivations of performing optimal maneuvers to maximize
observability. This Note develops the mathematical framework to
analytically derive optimal maneuvers for angles-only navigation
using a previously derived observability criteria [20–22]. The
concept of having levels or degrees of observability is formally
defined as a function of the measurement error and then used to form
the theoretical foundation to derive optimal maneuvers that maxi-
mize the observability of the relative state. A simple yet common
orbital rendezvous example is provided to illustrate the possibility of
designing optimal orbital rendezvous maneuvers for angles-only
navigation. Although the topic is introduced in the context of orbital
rendezvous, the fundamental concepts can be applied to any linear
dynamic system (and extended to nonlinear systems) for which the

relative position and velocity are estimated using only angular
measurements.

II. Relative Orbital Motion

The equations of motion describing the relative orbital dynamics
between two ormore spacecraft is commonly known as theClohesy–
Wiltshire (CW) or Hill’s equations [23]. In terms of a dimensionless
time quantity, � � !t, the CW equations can be expressed in a form
that is independent of the orbital angular rate:
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where x, y, and z are the components of the relative position vector in
the local-vertical–local-horizontal coordinate system, andax,ay, and
az represent accelerations due to external forces, including the
higher-order gravitational terms neglected in the linearized model.
The x axis or downrange component is the local horizontal generally
pointing along the target’s velocity vector, the y axis or cross track is
normal to the orbiting reference plane alignedwith the orbital angular
velocity !, and the z axis or altitude is the local vertical pointing
radially upward. The derivative operator is defined as � �0�
d� �=d� � �1=!�d� �=dt. The dimensionless CW equations formu-
lated in Eq. (1) can also be written in state-space form x0�
Ax�Bu, where x��� � � r v � � � x y z x0 y0 z0 � and the
control input u represents the accelerations a���. The solution to this
well-known differential equation is

x ��� ����; �0�x��0� �
Z
�

�0

���; ��Ba��� d� (2)

where state transition matrix ���; �0� � eA����0� can be expressed
with the shorthand notation��0 � � � �0, �0 � !t0, s0 � sin���0�,
and c0 � cos���0�.
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Traditionally, the linearized equations of motion for orbital ren-
dezvous assume that the target is in a circular orbit. However,
Yamanaka and Ankersen [24], Broucke [25], and others have shown
that, even with eccentric target orbits, the relative motion can be
expressed in a linear form. As a result, the theory derived in this note
is valid for elliptical orbits and other general linear dynamic systems.

III. Detectability Concepts

In this discussion, the reference to a measurement alludes to a
sensor reading at a particular instant in time. A measurement profile

represents a continuous function describing all the various individual
measurements over a specified observation period from �0 < � < �f .
There are three types of line-of-sight (LOS) measurement profiles
needed to establish the foundation for deriving optimal maneuvers:
the nominal LOS measurement profile, the true LOS measurement
profile, and a unique LOS measurement profile.
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Let the nominal state vector �x��� � � �r �v � � � �x �y �z
�x0 �y0 �z0� be defined as the relative position and velocity of the
chaser spacecraft relative to the target when the acceleration term in
Eq. (2) is zero. Consequently, the nominal LOS angle measurement

at any given time � or its continuous profile �ir��� over the time
interval � �0 �f � can be written as

�i r��� �
�r���
j�r���j �

�rrr0 ��rvv0
j�rrr0 ��rvv0j

(4)

The true or actual state vector x��� � � r v � � � x y z
x0 y0 z0� is defined as the relative position and velocity of the chaser
spacecraft relative to the targetwhen the acceleration in the linearized
dynamic model [Eq. (2)] is nonzero. In this case, the true LOS angle
measurement at any given time � or its continuous profile ir��� over
the time interval � �0 �f � can be written as

i r��� �
�r��� � �r���
j�r��� � �r���j �

�rrr0 ��rvv0 �
R
�
�0
�rv��; ��a���d�

j�rrr0 ��rvv0 �
R
�
�0
�rv��; ��a���d�j

(5)

where �r��� represents the additional change or deviation in the
nominal relative position due to the acceleration of the chaser
vehicle:

�r��� �
Z
�

�0

�rv��; ��a��� d� (6)

A unique LOS measurement profile is one for which, during a
given observation period, there is no other possible set of initial
position and velocity vectors that could generate the same angular
measurements at each and every time instant. For different relative
trajectories, there may be intermittent measurements with the same
azimuth and elevation readings, but for the entire process the overall
measurement profile must be unique. If a measurement profile is
unique, this implies that no other combination of initial position and
velocity vectors could generate the same observed measurement
profile. Under such conditions, the system is considered observable
because the initial conditions can be determined uniquely from the
measured azimuth and elevation angles. The necessary and sufficient
conditions that ensure measurement uniqueness, and therefore
observability, are given in [20–22]. Essentially, when a calibrated
maneuver alters the natural measurement profile, the amount of
angular change � between the nominal and true angle measurements

is directly related to the initial range and will be referred to as the
observability angle. If the observability angle is nonzero at some
point during the observation period, then the relative position
and velocity are observable. If the observability angle is zero when
angle measurements are monitored, then the relative states are
unobservable.

IV. Detectability Criteria

Generally observability is treated like a light switch. Either a
system is observable or it is not. However, there are several examples
in the literature that address the notion that there are levels or degrees
of observability [5,26,27]. Analytically characterizing the degree of
observability naturally emerges from the closed-form observability
criteria with a metric called detectability range error. This metric
provides a means to determine how observable the relative states
become due to various types ofmaneuvers and, ultimately, becomes
the basis for finding optimal maneuvers that maximize observability
for angles-only navigation.

The first step in formulating the degree of observability or
detectability is to define two critical angles: the observability angle �
and the perturbation angle �. As depicted in Fig. 1a, the observability
angle � is the angle between the nominal LOSprofile �ir and the actual
LOS profile ir, whereas the perturbation angle � is the angle between
the nominal LOS profile and the perturbation in the relative position
due to the maneuver �r:

�� cos�1� �ir � ir� � � cos�1
�
� �ir �

�r

j�rj

�
(7)

With a known acceleration, the perturbation angle � in Eq. (7) can be
computed. Then, using the law of sines and assuming a perfect angle
measurement, the initially unknown range parameter �� j�rj can be
uniquely determined:

�� �r
�
sin��� ��
sin���

�
(8)

These equations are valid for any arbitrary three-dimensional
trajectory.

A. Geometrical Derivation

Now suppose the LOS angle can only be measured to an accuracy
of �, as depicted in Fig. 1b, and the trajectory perturbation due to a
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a) Basic parameters: the thin solid line 
represents the nominal trajectory profile r, 
the thick light line is the actual relative 
position r, and the dashed line signifies the 
perturbation of the trajectory due to 
maneuvers δδr

b) Detectability range error: the light gray lines 
represent possible angle measurements while 
the shaded triangular area depicts the angle 
accuracy and the shaded rectangular area 
defines the associated range of detectability

Fig. 1 Angles-only detectability geometry.
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maneuver �r is still known perfectly. As a result, there is an inherent
uncertainty in the relative range, called the detectability range error
metric or ��. Depending on the resulting geometry of the pro-
blem, the detectability range error metric �� varies according to the
observability angle �, the perturbation angle �, and the sensor
accuracy �:

��� �r
�
2 sin��� cos��=2� sin��=2�

sin2��� � sin2��=2�

�
(9)

If the measurement errors are small, the detectability metric can be
simplified to a form that is proportional to the measurement error:

��	 �
�
�r sin���
sin2���

�
(10)

The key factors related to the degree of observability become more
apparent by simplifying Eq. (10) in the following compact expres-

sion, noting that sin��� � r�sin���
�r
� from the law of sines:

��	 �
�

r

sin���

�
(11)

Knowing the accuracy of the anglemeasurement, the expected errors
in estimating the relative range can be determined for a particular
trajectory. Alternatively, if a specific requirement is given for the
desired relative range accuracy, the necessary limits on sensor
quality can be obtained.

B. Analytical Derivation

Although this derivation is both simple and intuitive, an alternate
derivation based on the range error variance is warranted. Assume
that a very accurate sequence of azimuth and elevation angle
measurements is taken before a maneuver at �0; then the relative
position and velocity at �0 can be determined [20,21] to within a
single unknown scalar �0, x̂0 � �0x0. As a result, the nominal LOS

measurement �ir��� at any time � > �0 can then be determined from
Eq. (4). If a known maneuver is executed at �0, the trajectory
deviation �r and � are also known at any time � > �0 and can be
determined from Eqs. (6) and (7).

Because the observability angle � is a function of the actual LOS
measurement ir and the known nominal LOS measurement �ir, it can
be defined as an effective measurement. Using Eq. (8), the effective

measurement ~� can be expressed as a function of the unknown range
parameter �, the known values of �r and �, and a small effective
measurement error �:

~�� ���; �r; �� � � (12)

If the a priori estimate of this measurement is given by

�̂� ���̂; �r; �� (13)

the measurement variation, � ~�� ~� � �̂, can be expanded in a Taylor
series and expressed to the first order as

� ~�	H��̂; �r; ����� � (14)

where ��� �̂� �. The effective measurement partialH evaluated at
the estimated state then becomes

H � @�
@�

����
x̂

��sin
2��̂�

�r sin��� (15)

Using this linearized measurement equation, the new range estimate
is simply

�̂� � �̂� � ~�=H (16)

and the variance of the range error is simply

�2� � �2=H2 � �2
�
�r sin���
sin2��̂�

�
2

(17)

which is comparable to the previous results derived in Eq. (10). By

substituting the identity that sin��� � r̂�sin��̂�
�r
�, the standard deviation

of the range error becomes

�� � �
�

r̂

sin��̂�

�
(18)

consistent with the detectability criteria in Eq. (11).

V. Optimal Observability Maneuvers

The detectability range error �� in Eq. (11) [see also Eq. (18)]
characterizes how accurate the relative range can be determined as a
function of the angular measurement uncertainty �, the observability
angle �, and the relative range r. According to this analytical expres-
sion, the unknown range parameter can be minimized in three ways.
First, obtain a more accurate sensing device to reduce the overall
measurement error �. Second, perturb the nominal relative trajectory
to generate an observability angle � near
90 deg. Third, maneuver
the chaser spacecraft closer to the target to reduce the relative
range r.

A simple and practical metric to gauge optimality is to execute
maneuvers that minimize the relative range variance such that the
cost function J equals

J�
�

r

sin���

�
2

(19)

By minimizing J, the optimal maneuver will provide the proper
balance between causing the observability angle � to approach

90 degwhile reducing the relative range required to minimize the
uncertainty in the detectability range error ��. This optimization
strategy finds the maneuver sequence that alters the relative
trajectory to provide the best viewing conditions to resolve the only
remaining unknown state: the relative range. In other words, it
determines the acceleration profile that places the chaser vehicle at
the best vantage point to observe the relative states.

A. Optimal Observability Maneuver Analysis

The primary objective of the subsequent analysis is twofold. First,
demonstrate how to derive optimal orbital rendezvousmaneuvers for
angles-only navigation based on the closed-form observability
criteria. Second, validate the analytical results using other common
navigation methods. For this discussion, an orbital rendezvous
scenario is analyzed that assumes the chaser is station keeping in
front of the target on the V-bar. This simple yet practical example
highlights the fundamental concepts associated with deriving
optimal maneuvers.

For the optimal observability analysis, three different techniques
are employed. The first approach uses the detectability criteria to
analytically derive the optimal maneuver given practical mission
constraints. The second method numerically computes the
observability angle � and the detectability range error �� for a
variety of potential maneuvers to confirm the analytical optimization
results. The third and final analysis technique is the navigation
performance of an angles-only Kalman filter to support and validate
the derived analytical results.

The performance of the Kalman filter is evaluated using a linear
covariance analysis (LinCov) approach. The fundamental LinCov
equations are based on the expressions used to propagate and update
the state covariance matrix in a Kalman filter. The only error sources
considered are a 0.3 mrad (1�) angular measurement error and the
uncertainties associated with the initial position and velocity of both
the target and chaser vehicles. It is assumed that azimuth and
elevation measurements are available every 10 s. The chaser’s
inertial position and velocity are assumed to be known very
accurately such that the relative state uncertainty is predominantly
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due to the target’s inertial state error. The standard deviation of the
a priori position uncertainty is selected to be 10% of the actual initial
range. The velocity error is then computed as the orbital rate times the
initial position uncertainty.

B. Reference Mission Scenario

Suppose that a spacecraft is station keeping on the V-bar some
positive downrange distance x0 from the target for which the initial
position and velocity vectors r0 and v0 are, simply,

r 0 � � x0 0 0 �T v0 � � 0 0 0 �T (20)

Before the chaser begins its final approach to either rendezvous with
the target or initiate a series of close proximity operations, it is
desirable to minimize the uncertainty in the relative downrange
location. The mission plan calls for a maneuver to improve the
observability in the chaser’s downrange position. Depending on a
variety of factors, each potential maneuver can produce varying
levels or degrees of observability. Which maneuver is optimal in
minimizing the uncertainty in the relative range estimate?

To limit the scope of the problem, three practical constraints are
made on the types ofmaneuvers that can be executed. First, it must be
impulsive with a fixed magnitude. Second, it is assumed that the
maneuver can not change the current orbital energy of the chaser such
that the chaser will return to its original location with respect to the
target after one orbital period. Third, the maneuver can not cause the
chaser to intercept the target or pass beyond it. Essentially, the
direction of an acceptable impulsive burn must be perpendicular to
the chaser’s velocity vector such that it does not have a component in
the downrange direction,

�v� � 0 �v cos�	� �v sin�	� �T (21)

and the magnitude of the instantaneous maneuver in the altitude
direction must be less than the quantity �v sin�	�< x0=4 to ensure
the chaser remains in front of the target. The only variable that can be
manipulated is the maneuver clock angle 	, which is defined as the
angle between the positive cross-track direction iy � � 0 1 0 �T
and the direction of the impulsive velocity vector:

	� cos�1�iy � i�v� (22)

Impulsive maneuvers for orbital rendezvous guarantee observability
[20–22], but which maneuver clock angle minimizes the uncertainty
in the relative range? The remainder of this analysis focuses on
answering this basic question.

C. Analytical Optimal Observability Results

With the impulsive maneuver defined in Eq. (21) and the initial
conditions specified in Eq. (20), the cost function in Eq. (19) can be
evaluated, noting that sin��� ��vs0=r for this simple example:

J� �r2=�vs0�2 (23)

where r� jr���j � j�rrr0 ��rv�v0 ��v�j is the true relative
position vector. Recall the shorthand notation defined previously
where s0 � sin���0� and c0 � cos���0�, with��0 representing the
flight time following the maneuver. Given the initial conditions
outlined for the V-bar station-keeping example,

r ���
� � fx0 � 2�v�c0 � 1� sin�	�g f�vs0 cos 	g f�vs0 sin�	�g �T

The partial of J in Eq. (23) with respect to the impulsive maneuver
angle 	 provides a constraint for identifying the optimal maneuver
angle,

@J

@	
� cos�	�

�
�8r2x

�v�1� c0�

�
� 0 (24)

where x is the downrange location of the spacecraft, x� �x0�
2�v�c0 � 1� sin�	��. Because the maneuver is constrained to keep
the chaser in front of the target (x > 0), the ratio inEq. (24) is negative
unless it becomes undefined when the flight time is a multiple of a
half-orbital period. For the given scenario with the chaser positioned
in front of the target on the V-bar, the maneuver angles 	 that
minimize and maximize the cost function are those directed in the
positive and negative altitude direction, respectively:

	min J � 
=2 (25)

	max J ���
=2� (26)

When the maneuver angle points radially upward 	� 
=2, the
second partial is greater than zero, indicating the cost function is
minimized:

@2J

@	2
�
�

8r2x

�v�1� c0�

�
> 0 (27)

In other words, by impulsively thrusting in the positive altitude
direction, the spacecraft is positioned such that the observability
angle � and relative distance r provide the best possible viewing
conditions to reduce the uncertainty in the relative range. If the
maneuver angle points downward 	���
=2� while the chaser is
station keeping in front of the target, the cost function would be
maximized:

@2J

@	2
��

�
8r2x

�v�1� c0�

�
< 0 (28)

This suggests that an impulsive maneuver radially downward
generates the worst potential viewing angle and relative distance to
observe the unknown relative state given the specified constraints.
The optimal fixed impulsive maneuver that maximizes the
observability conditions without altering the orbital period of the
chaser is in the positive altitude direction when the chaser is station
keeping in front of the target on the V-bar, regardless of when the
measurements are observed.

D. Numerical Optimal Observability Results

To validate the derived analytical results numerically, allow the
chaser to be station keeping on the V-bar at a relative distance of
x0 � 100 m in front of the target. After one orbital period, a fixed
impulsive maneuver is executed that generates 20 m of cross-track
motionwhen oriented in the out-of-plane direction. An orbital period
later, the chaser spacecraft returns to its original location on theV-bar
and executes another impulsive maneuver to null out any relative
motion, causing the chaser to return to its initial V-bar station-
keeping trajectory. Because of the symmetry of the problem,
maneuver angles such as �90, �45, 0, 45, and 90 deg produce the
same results asmaneuver angles of�90,�135, 180, 135, and 90 deg,
respectively. Consequently, the example runs that are used to show
the effects of the direction of the maneuver are sampled from the first
range of maneuver angles of 	 equal to�90,�45, 0, 45, and 90 deg,
as illustrated in Fig. 2. The symbols in each plot mark where in the
trajectory the observability angle is maximized for each maneuver
angle to provide a reference point.

Notice in Fig. 3 that the detectability range error is minimized for
the entire trajectorywhen the impulsivemaneuver is directed upward
(	��90 deg) and that the opposite conditions exist for a
downward thrust (	��90 deg), as predicted in Eqs. (25) and (26).
Geometrically, the reason the optimalmaneuver angle is 	� 90 deg
can be seen by looking at the resulting trajectories. Whether the
maneuver is pointed in the out-of-plane direction, radially upward, or
straight down, each will cause the chaser to travel to a maximum
offset position of 20m. The out-of-plane burnwill cause the chaser to
reach 20 m in the cross- track direction, the impulsive burn upward
places the chaser on a trajectory to gain 20 m initially in the positive
altitude direction and then 20 m in the negative altitude, and the
downward thrust produces an initial altitudemark of 20mdownward
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followed by a trajectory that places it 20 m above the V-bar. Clearly,
all three eventually generate the same position offset magnitude from
the nominal LOS vector. The reason why a maneuver angle of
	� 90 deg maximizes the observability conditions is not only
because it generates the maximum observability angle, but also
because it reduces the relative distance between the target and chaser.
Both the relative distance and the relative position offset generated

by the impulsive maneuver ultimately determine the degree of
observability and, consequently, the chaser’s ability to determine its
relative position.

These basic insights for optimal maneuvers derived from the
observability criteria are supported by the performance trends of an
angles-only navigation filter. In Fig. 4, the linear covariance results
for the navigation position errors are plotted for the spectrum of
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maneuver angles ranging from �90, �45, 0, 45, and 90 deg. Once
again, the symbols mark when the observability angle is maximized
for each scenario for comparison with the earlier results. From the
relative position errors, notice that the uncertainty is minimized for a
maneuver angle of 90 deg (left triangle) directed radially upward and
maximized with a maneuver angle of �90 deg (down triangle)
pointed radially downward. In fact, the overall navigation accuracy
for each example follows the pattern anticipated from the numerical
observability results. Observability is achieved with each impulsive
maneuver, but each maneuver angle generates varying degrees of
observability.

VI. Conclusions

Although the capabilities of angles-only navigation to determine
the relative range for orbital rendezvous applications are often
questioned, it is well understood that strategic maneuvers can elimi-
nate this apparent setback. If properly selected maneuvers produce
observability, a very natural question arises as to which ones are best
in terms of improving the relative state estimate. By refining previ-
ously developed closed-form observability criteria for angles-only
navigation, this note introduces several important detectability
metrics that characterize the degree or level of observability given
noisy angle measurements. With these analytical expressions, it
becomes possible to derive optimal maneuvers that produce the best
possible viewing conditions to observe the unknown relative range
parameter. A common orbital rendezvous scenario illustrated the
possibility ofmaximizing the performance of angles-only navigation
by deriving optimal maneuvers based on the detectability criteria.
Even though this work developed these concepts in the context of
orbital rendezvous, they are applicable to general linear dynamic
systems and can be extended to nonlinear systems for which LOS
angular measurements are used to determine the relative position and
velocity.
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